In this paper, we consider the hamiltonian formulation of nonholonomic systems with symmetries and study several aspects of the geometry of their reduced almost Poisson brackets, including the integrability of their characteristic distributions. Our starting point is establishing global formulas for the nonholonomic Jacobiators, before and after reduction, which are used to clarify the relationship between reduced nonholonomic brackets and twisted Poisson structures. For certain types of symmetries (generalizing the Chaplygin case), we obtain genuine Poisson structures on the reduced spaces and analyze situations in which the reduced nonholonomic brackets arise as gauge transformations of these Poisson structures. We illustrate our results in mechanical examples, and also show how to recover several well-known facts in the special case of Chaplygin symmetries.
Introduction
Nonholonomic systems are mechanical systems with constrains in their velocities that are not derived from constraints in the positions. Examples include rolling contact constraints and special types of sliding constraints, see e.g. [5, 11, 6] . In this paper we use the hamiltonian viewpoint to nonholonomic systems to study several aspects of their geometry in the presence of symmetries.
Nonholonomic systems are described by a configuration manifold Q, a lagrangian L : T Q → R, assumed to be of mechanical type, and a non-integrable distribution D ⊂ T Q, defining the permitted velocities of the system. These systems admit a hamiltonian formulation (developed e.g. in [4, 19, 25] ) in terms of triples (M, π nh , H M ), where M is the submanifold of T * Q given by the image of the constraint distribution D under the Legendre transform Leg : T Q → T * Q, H M is the restriction to M of the hamiltonian function on T * Q corresponding to L, and π nh is a bivector field on M naturally defined from D and the canonical symplectic form Ω Q on T * Q. The associated nonholonomic bracket (see [19, 24, 29] ) {·, ·} nh is given by Poisson structures, whose characteristic distributions are always tangent to symplectic leaves. Since almost Poisson brackets and bivector fields are equivalent, we will treat them indistinguishably.
The present paper is concerned with the lack of integrability of nonholonomic brackets, especially in the case of nonholonomic systems with symmetries, i.e., when Q is equipped with a free and proper action of a Lie group G preserving D and L. In this case, M inherits a G-action such that π nh , H M and X nh are G-invariant. As a consequence the orbit space M/G is endowed with a bivector field π nh red (defining the reduced nonholonomic bracket {·, ·} nh red ), a reduced hamiltonian H red , and a reduced nonholonomic vector field X nh red defining the reduced dynamics and given by X nh red = {·, H red } nh red . In many concrete situations, the reduced bivector π nh red has better integrability properties than π nh . Indeed, in some cases the reduced bracket is a Poisson bracket, possibly after a time reparametrization, see e.g. [9, 14, 15, 18, 16, 17, 20, 27] . This is a useful scenario for the analysis of the integrability of the system [20, 15] or to develop a Hamilton-Jacobi theory [27, 12] .
Even if π nh red is not a Poisson structure, it may still have an integrable characteristic distribution, which means that it is described by almost symplectic leaves. Note that the existence of this foliation may give information about the nonholonomic dynamics, for example concerning the presence of conserved quantities, since each leaf is invariant by the flow of X nh red . One of our motivations in this paper is understanding geometric features of reduced nonholonomic brackets, particularly the integrability of their characteristic distributions.
It is worth noticing that one may have many brackets generating the nonholonomic vector field. More precisely, we will say that an almost Poisson bracket {·, ·} on M (respectively on M/G) describes the dynamics if {·, H M } = X nh (respectively {·, H red } = X nh red ). So, even if {·, ·} nh red does not satisfy properties of interest, one can still hope of finding another bracket describing the dynamics with the desired properties. A general mechanism to produce brackets describing the dynamics was introduced in [2] . It is based on the fact that one can use 2-forms to modify almost Poisson brackets via the so-called gauge transformations [28] . In this procedure, 2-forms B on M are used to "deform" the bivector field π nh keeping its characteristic distribution unchanged. The resulting modified bracket will be denoted by π B , and two brackets related by a gauge transformation are called gauge related. If B is annihilated by X nh , then π B still describes the dynamics. An interesting point is that the reduction of gauge related bivector fields need not be gauge related on M/G. In fact, one may verify (see [2] ) that π nh and π B may lead to reduced brackets π In order to describe our results, it is convenient to recall some fundamental facts regarding Chaplygin symmetries (see e.g. [21, 5] ). A nonholonomic system with symmetries is called Chaplygin if the constraint distribution D complements the vertical space V ⊂ T Q with respect to the group action:
(1.1) (a) The differential of Ω nh red is given by [4] 
where J , K red is a 2-form on M/G explicitly obtained from the canonical momentum map for the lifted action on T * Q and the curvature of the constraint distribution (viewed as a principal connection).
(b) There is an identification [21] M/G ≃ T * (Q/G).
(
1.3)
Hence M/G has a natural symplectic structure Ω Q/G , usually not describing the dynamics.
(c) The relation between Ω nh red and Ω Q/G is given by [22] Ω nh red = Ω Q/G − J , K red .
(1.4)
Note that, in particular, this explains (1.2) in (a).
In this paper, we provide extensions of the results in (a), (b), (c) to more general situations. Instead of assuming condition (1.1), we will replace it by the weaker dimension assumption [6] T Q = D + V.
(1.5)
Note that many classical nonholonomic systems with symmetries satisfy (1.5) but not (1.1), see e.g. [5, 3] . Some explicit examples will be discussed in the end of the paper.
Our starting point is establishing a global, coordinate-free formula for the Jacobiator of the nonholonomic bracket {·, ·} nh on M (extending the local formula given in [25, sec. 2.5]), not making use of symmetries. Once symmetries are present (satisfying (1.5)), the geometric meaning of this Jacobiator formula becomes more clear, and leads to an expression for the Jacobiator of the reduced nonholonomic bracket {·, ·} nh red on M/G. In fact, all our formulas can be easily extended to more general brackets obtained from {·, ·} nh and {·, ·} nh red via gauge transformations by 2-forms. One application of our nonholonomic Jacobiator formulas is clarifying the link between reduced nonholonomic bivectors π nh red (or, more generally, π B red ) and twisted Poisson brackets. This issue was already raised in e.g. [23, Sec.1.8] . Recall that a twisted Poisson structure [28] is a special type of almost Poisson bracket whose Jacobiator is controlled by a closed 3-form; an important feature of twisted Poisson structures is that they always have integrable characteristic distributions. From the formula describing the reduced Jacobiators, we find explicit conditions for the reduced brackets to be twisted Poisson as well as a mechanical interpretation of the 3-form with respect to which the reduced bracket is twisted. Moreover, in the special case of Chaplygin symmetries, the Jacobiator of {·, ·} nh red can be expressed in terms of dΩ nh red (see (2.6 ) and (2.11) below), and our formula recovers (1.2) in (a). In order to generalize (b) and (c), we consider symmetries satisfying (1.5) and fix an invariant vertical complement W ⊆ V of D, so that T Q = D ⊕ W , satisfying an additional condition saying that W can be realized as the vertical space for a subgroup of the group G of symmetries. Once such W is chosen, we prove that one naturally obtains a Poisson structure Λ on the reduced space M/G.
We also show that the submanifold W • /G of T * Q/G, where W • ⊂ T * Q is the annihilator of W , has a natural Poisson structure Λ 0 , and that there is an identification
which is a Poisson diffeomorphism. In the Chaplygin case, the vertical complement W is necessarily equal to V , the quotient V • /G is canonically identified with T * (Q/G), and Λ 0 coincides with the Poisson structure defined by canonical symplectic 2-form Ω Q/G , thus recovering the result in (b).
In general, the Poisson structure Λ on M/G does not describe the nonholonomic dynamics, so one is led to compare the Poisson structure Λ with the reduced nonholonomic bivector π nh red , as done in (c). Note that, in terms of bivector fields, the relation in (1.4) is equivalent to saying that the bivectors corresponding to Ω nh red and Ω Q/G are gauge related by the 2-form J , K red . Unlike the Chaplygin case, we observe that, in general, π nh red is not necessarily gauge related to Λ. However we obtain sufficient conditions, fulfilled in many examples, guaranteeing that π nh red (or, more generally, π B red ) is obtained from the Poisson bivector Λ by a gauge transformation. We show that this happens e.g. for the vertical rolling disk, the snakeboard and the Chaplygin ball. Notice that proving that the reduced dynamics is described by a bivector gauge related to the Poisson structure Λ has several implications; for example, the nonholonomic flow is restricted to the symplectic leaves of Λ, so Casimirs of Λ are conserved quantities of the system. Outline of the paper. In Section 2 we review the basics of almost Poisson structures, gauge transformations and nonholonomic systems that are useful to our paper. In Section 3 we prove the nonholonomic Jacobiator formula (see Theorem 3.2 and Corollary 3.3). Nonholonomic systems with symmetries satisfying the dimension assumption (1.5) are considered in Section 4. We prove a formula for the Jacobiator of nonholonomic brackets in this case (Theorem 4.5) as well as a formula for the Jacobiator of the reduced brackets (Corollary 4.7); here we also establish the connection with twisted Poisson structures (Corollary 4.10). We show how the Jacobiator formulas simplify once additional conditions are imposed on symmetries (see Theorem 4.13 and Corollary 4.14), and illustrate our results in the example of a nonholonomic particle and Chaplygin systems. In Section 5 we define the Poisson structure Λ on M/G, based on a suitable choice of G-invariant vertical complement W of D (see Prop. 5.2). We also define, in two equivalent ways, a Poisson structure Λ 0 on W • /G (see Propositions 5.6 and 5.8) which is independent of the kinetic metric, and prove that it is Poisson diffeomorphic to (M/G, Λ) (Prop. 5.10). In Section 6 we give a description of the symplectic leaves of the Poisson structure Λ on M/G (in terms of the leaves of the canonical Poisson structure on T * Q/G, see Theorem 6.1), which turns out to be related to the nonholonomic momentum map (see Theorem 6.5 and Corollary 6.6). We also analyze, in Theorem 6.8, when the reduced nonholonomic brackets can be written as gauge transformations of the Poisson structure Λ. In Section 7, we work out several mechanical examples illustrating our results. We have also included an Appendix collecting some facts about the reduction of presymplectic forms used in the paper.
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2 Almost Poisson structures and nonholonomic systems 2.1 Almost Poisson brackets and gauge transformations.
In this section we recall basic definitions related to almost Poisson manifolds.
An almost Poisson bracket {·, ·} on a manifold P is an R-bilinear bracket {·, ·} : C ∞ (P )× C ∞ (P ) → C ∞ (P ) that is skew-symmetric and satisfies the Leibniz condition:
If the Jacobi identity is also satisfied then the bracket {·, ·} is called a Poisson structure.
Let P be a manifold equipped with an almost Poisson bracket {·, ·}. The hamiltonian vector field X f of a function f ∈ C ∞ (P ) is the vector field on P defined by
for all g ∈ C ∞ (P ). The characteristic distribution of {·, ·} is the distribution on the manifold P whose fibers are spanned by the hamiltonian vector fields. In general the characteristic distribution is not integrable. If it is integrable, so that it is tangent to leaves (of possibly varying dimensions), then each leaf inherits a nondegenerate 2-form; i.e., an almost Poisson structure with integrable characteristic distribution gives rise to a (singular) foliation with almost symplectic leaves. When an almost Poisson bracket is Poisson then its characteristic distribution is integrable and each leaf is symplectic.
Due to the Leibniz condition there is a correspondence between almost Poisson brackets and bivector fields π ∈ Γ( 2 T P ) given by π(df, dg) = {f, g}, for f, g ∈ C ∞ (P ). We will work indistinguishably with almost Poisson brackets and bivector fields. We denote by π ♯ :
Note that the characteristic distribution of π is the image of π ♯ and the hamiltonian vector field of f ∈ C ∞ (P ) is X f = −π ♯ (df ). The 3-vector field [π, π], where [·, ·] is the Schouten bracket (see e.g. [13] ), measures the failure of the Jacobi identity of {·, ·} through the relation 6) for f, g, h ∈ C ∞ (P ).
A bivector field π on P induces a bracket [·, ·] π on sections of T * P defined by
The bracket [·, ·] π is R-bilinear, skew-symmetric and satisfies the Leibniz identity. In general, π ♯ is not necessarily bracket preserving; instead (see e.g. [7, Section 2.2]),
If the bivector field π is Poisson, i.e., [π, π] = 0, then there is Lie algebroid structure induced on T * P with bracket [·, ·] π and anchor map π ♯ : T * P → T P , see e.g. [13] .
We will use the following formula that characterizes the Schouten bracket of a bivector field.
Proof. It is a direct consequence of (2.6) and the fact that the bracket defined in (2.7) satisfies [df, dg] π = d{f, g}.
A regular distribution F ⊆ T P and a nondegenerate 2-section Ω F ∈ Γ( 2 F * ) define uniquely a bivector field π on P by the relation that, for α ∈ T * P and X ∈ F , 10) where α| F denotes the point-wise restriction of α to F . Observe that, in this case, F is the characteristic distribution of the bivector π. Moreover, any bivector field π with regular characteristic distribution arises in this way. In particular, if F is a regular distribution on P and Ω ∈ Ω 2 (P ) is a 2-form such that Ω| F is nondegenerate then the pair (F, Ω) defines a bivector field on P . Note that in terms of the bracket {·, ·} associated to π, (2.10) is written, for f, g ∈ C ∞ (P ), as
Given a nondegenerate 2-form Ω on P , (2.10) defines an associated bivector field π for F = T P . In fact, there is a one-to-one correspondence between nondegenerate 2-forms and nondegenerate bivectors (i.e., those for which the map π ♯ : T * P → T P is an isomorphism). The Jacobiator in this case satisfies
for f, g, h ∈ C ∞ (P ), which is equivalent to
Gauge transformations of bivector fields
It will be convenient to consider a special equivalence relation between bivector fields defined by the so-called gauge transformations [28] .
Let π be a bivector field on P and B be a 2-form on P such that the endomorphism (Id + B ♭ • π ♯ ) of T * P is invertible 2 , where B ♭ : T P → T * P is given by B ♭ (X) = i X B. The gauge transformation of π by the 2-form B is the bivector field π B on P such that
Two bivectors π andπ are called gauge related if there exists a 2-form B defining a gauge transformation from π toπ.
Remark 2.2.
(i) Gauge related bivectors have the same characteristic distribution. In particular, if π is a bivector field with an integrable characteristic distribution, then any gauge related bivector has the same associated foliation, even though the leafwise almost symplectic structures may change. Also note that gauge related brackets have the same Casimirs.
(ii) If π is a regular bivector field defined by a distribution F and a nondegenerate 2-section Ω F then a gauge transformation of π by the 2-form B is the bivector field π B defined by the distribution F and the 2-section Ω F − B| F . Note that the invertibility of the endomorphism (Id + B ♭ • π ♯ ) is equivalent to Ω F − B| F being nondegenerate.
(iii) If π andπ are bivector fields defined by nondegenerate 2-forms Ω andΩ (via (2.10) with F = T P ) then they are automatically gauge related by the 2-form B = Ω −Ω.
(iv) Let π and π B be gauge related bivector fields by a 2-form B. If π is Poisson and B is closed then π B is Poisson, [28] .
⋄
Example 2.3. On R 5 with coordinates (x, y, z, p 1 , p 2 ), consider the following bivector field:
where a, b are non-zero functions, and the 2-form B = b dx ∧ dy. The endomorphism Id + B ♭ • π ♯ is invertible since, written in the basis (dx, dy, dz, dp 1 , dp 2 ), B ♭ • π ♯ is an upper triangular matrix. In order to compute the gauge transformation of π by B, denoted by π B , we use equation (2.12) to see that
dx) Doing the same for the rest of the variables we obtain that π ♯ B (dp 1 ) = π ♯ (ab dy + dp 1 ) and π ♯ B (dp 2 ) = π ♯ (−bdx + dp 2 ), while on the other elements of the basis π and π B coincide. Therefore we obtain that
Similarly, the gauge transformation of π by −B is
14)
The three bivectors π, π B and π −B are gauge related and z is a Casimir for all of them. Finally, observe thatπ =
is not gauge related with π since x is a Casimir only forπ.
Nonholonomic systems and the nonholonomic bracket
Let us consider a nonholonomic system determined by a lagrangian L : T Q → R of the form
where κ is a Riemannian metric (called the kinetic energy metric) on Q and U ∈ C ∞ (Q) is the potential energy, and a nonintegrable distribution D on Q (i.e., a non-involutive subbundle D ⊂ T Q), which describes the permitted velocities of the system. We denote the annihilator of D by D • .
Note that the Legendre transform Leg :
.., k.} where ǫ a are 1-forms on Q, then the equations of motion can be written, in coordinates (q i , p i ), as a first order system on the cotangent bundle T * Q given bẏ
where λ a , a = 1, . . . , k, are functions which are uniquely determined by the fact that the constraints are satisfied. Then the constraint equations become
The geometry underlying a nonholonomic system allows one to write the equations of motion in an intrinsic way. Let M := Leg(D) ⊂ T * Q be the constraint submanifold. Since the Legendre transform is linear on the fibers, M is a vector subbundle of T * Q. We denote by τ : M → Q the restriction to M of the canonical projection τ Q : T * Q → Q.
If Ω Q is the canonical 2-form on T * Q, we denote by Ω M the 2-form on M defined by Ω M := ι * Ω Q where ι : M → T * Q is the natural inclusion.
The constraints are intrinsically written as a regular, non-integrable distribution C on M given by
A fundamental result given in [4, Section 5] is that the point-wise restriction of Ω M to C, denoted by Ω M | C , is nondegenerate.
The nonholonomic vector field X nh ∈ X(M) is the vector field uniquely defined by 18) where H M is the restriction to M of the hamiltonian function H, i.e., H M = ι * H : M → R . The integral curves of X nh are solutions of the system (2.15).
We define the nonholonomic bivector field π nh to be the bivector associated to the distribution C and the 2-form Ω M , as in (2.10) (see [29, 24, 19] ). Then (M, π nh ) is an almost Poisson manifold. The distribution C is the characteristic distribution of the bivector π nh and since C is always not integrable, π nh is never a Poisson structure. The nonholonomic bivector describes the dynamics in the sense that
So, in hamiltonian form, a nonholonomic system is described by the triple (M, π nh , H M ), defined from the lagrangian L and the distribution D.
We call (M, π nh ) the almost Poisson manifold associated to the nonholonomic system.
In [2] we saw that it is worth to explore different bivectorsπ on M such that X nh = −π ♯ (dH M ). In this case we say thatπ also describes the dynamics.
In order to generate new bivector fields on M we will use gauge transformations of the classical nonholonomic bivector π nh by 2-forms (as in Section 2.1). If we want to generate bivector fields describing the dynamics, we need the following definition given in [2, Sec.4.2], Definition 2.4. Let (P, π) be an almost Poisson manifold with a distinguished Hamiltonian function H ∈ C ∞ (P ). Given a 2-form B on P such that (Id + B ♭ • π ♯ ) is invertible, the gauge transformation of π associated to the 2-form B is said to be a dynamical gauge transformation if
where X H is the hamiltonian vector field associated to H.
Thus, any bivector π B that is dynamically gauge related to π satisfies π ♯ B (dH) = π ♯ (dH). We are interested in using Definition 2.4 to perform a dynamical gauge transformation of the almost Poisson structure π nh , where the distinguished function is H M .
Remark 2.5. In [2, Proposition 11], it was shown that if we consider a semi-basic 2-form B with respect to the fiber bundle τ :
The Jacobiator of the nonholonomic bracket Let (M, π nh ) be the almost Poisson manifold associated to a nonholonomic system. In this section we present a coordinate-free formula for the Jacobiator of the classical nonholonomic bivector π nh , or any bivector gauge equivalent to it. This section will not use the hamiltonian function H M .
Splittings of T M adapted to the constraints
Recall that the characteristic distribution of π nh is the nonintegrable distribution C defined in (2.17). Since C is a regular distribution on M, it is possible to choose a complement W of C on M such that, for each m ∈ M,
Consider the projections P C : T M → C and P W : T M → W associated to the decomposition (3.19). Since P W : T M → W can be seen as a W-valued 1-form, following [6, 25] , we define the W-valued 2-form K W on M given by
It is straightforward to check that K W is C ∞ (M)-bilinear. Note also that K W ≡ 0 if and only if C is involutive (see also [25, Section 2.5] ). Proposition 3.1. The W-valued 2-form K W is semi-basic with respect to the bundle projection τ :
Proof. Let us consider X, Y ∈ X(M) such that X is τ -related with 0 and Y ∈ Γ(C) is τ -projectable.
and thus, from the expression (3.20) we obtain that K W (X, Y ) = 0. This implies that i X K W ≡ 0 since τ -projectable vector fields generate T M at each point.
Gauge transformations adapted to the splitting From (2.12) we observe that a gauge transformation of π nh by a 2-form B is completely determined by the point-wise restriction of B to C (i.e., by the section B| C of 2 C * ). That is, if two 2-forms B and B are such that (B −B)| C ≡ 0, then π B and πB agree. Note that for any 2-formB, one can find another 2-form B which agrees withB when restricted to C, so that π B = πB, and that satisfies the additional condition
So from the point of view of gauge transformations, there is no loss in generality in assuming that (3.21) holds. This condition will be assumed in the sequel to simplify some formulas.
The Jacobiator of π nh and gauge related bivectors Now we state the theorem which characterizes the Jacobiator of any bivector π B gauge related to π nh . Even though the most interesting statement for this Theorem occurs when a Lie group is acting, we will first state it in the more general setting without the consideration of a symmetry.
Let us consider the almost Poisson manifold (M, π nh ) associated to a nonholonomic system, as in Section 2.2. Theorem 3.2. Let π B be a bivector on M gauge related to π nh by the 2-form B. Let W be a complement of C and assume that B verifies (3.21). Then for α, β, γ ∈ T * M we have
Proof. Since this formula is C ∞ (M)-linear on α, β, γ, it is sufficient to check it on exact forms. Applying formula (2.9) we obtain, for f, g, h ∈ C ∞ (M),
where we are using the fact that Id = P C + P W . If we callΩ M := Ω M − B, then by Remark 2.2(ii) and (2.10) we have i π
where the last term is the definition of K W given in (3.20) .
Note that the cyclic sum of the first two terms of (3.23
Ω M . Finally, again using (3.20), we obtain from (3.23)
As a particular case of the previous Theorem, we obtain a formula for the Jacobiator of the nonholonomic bivector π nh . Corollary 3.3. The Jacobiator of the classical nonholonomic bivector π nh is written, for a choice of W, as
In [25, Section 2.5] , Marsden and Koon presented a local version of the above formula for an explicit choice of W that is induced by the local coordinates. Also, in agreement with [25] , we see that π nh is Poisson if and only if K W ≡ 0.
The Jacobiator of reduced nonholonomic brackets
In this section we use Theorem 3.2 to obtain a formula for the Jacobiator of any bivector field π B gauge related to π nh when the nonholonomic system admits symmetries. This formula will be in terms of a curvature-like object and the momentum associated to the cotangent lift of the group action. This will lead to a formula for the Jacobiator of reduced brackets, and it will provide information about the integrability of their characteristic distributions.
Nonholonomic systems with symmetries
Let G be a Lie group acting on Q freely and properly. Suppose that G is a symmetry of a given nonholonomic system, that is, the lifted action on T Q leaves the lagrangian L and the constraints D invariant. Then, M is an invariant submanifold of T * Q by the cotangent lift of the action. Therefore we restrict the G-action on T * Q to M:
. As a consequence of the G-invariance of the constraints and lagrangian, the nonholonomic bivector π nh and the hamiltonian function H M are invariant by the G-action ϕ.
Throughout this section, we will not use explicitly the hamiltonian function H M ; instead we will focus on the G-invariant distribution D on Q and the G-invariant almost Poisson manifold (M, π nh ).
The dimension assumption
At each m ∈ M, let us denote by V m := T m (Orb(m)) the tangent to the orbit at m of the G-action on M. We will always assume that the following condition, known as the dimension assumption, holds:
Let us denote by S the distribution on M given, at each m ∈ M, by
It is clear from (4.24) that S has constant rank. If, at each q ∈ Q, we denote by V q := T q (Orb(q)) the tangent to the orbit associated to the G-action on Q, (4.24) is equivalent to the dimension assumption considered in [6] :
by the definition of C and since, at each m ∈ M, V m and V τ (m) are isomorphic. Analogously, we can define the distribution S on Q given by
If S = {0}, the system is called Chaplygin and the dimension assumption is just
From now on, we will always assume that the symmetry Lie group acts freely and properly on Q so that the dimension assumption is satisfied.
The momentum map
Recall that the submanifold ι : M ֒→ T * Q is invariant under the cotangent lift of a G-action by symmetries. Let us denote Ω M = ι * Ω Q and Θ M = ι * Θ Q , where Ω Q and Θ Q are the canonical 2-form and the Liouville 1-form on T * Q, respectively. We let J : M → g * be the restriction to M of the canonical momentum map of the lifted action on T * Q:
More generally, we will need to consider vector fields η M associated with
Splittings of T M adapted to the symmetries and constraints
Let (M, π nh ) be the G-invariant almost Poisson manifold associated to a nonholonomic system with symmetries satisfying the dimension assumption (4.24). Let W be a G-invariant distribution on M such that, at each m ∈ M,
Note that such G-invariant vertical complements W always exist: for example, one can take W to be V ∩ S ⊥ , where S ⊥ is the orthogonal complement of S with respect to (the G-invariant) kinetic energy metric κ, as proposed in [6] . In this case, A W = τ * A kin , where A kin is the g-valued 1-form on Q used in [6] to define the nonholonomic connection. However, in this paper, we will allow different choices of W ; in fact, we will consider many examples in which W is not defined in this way. ⋄
The W-curvature (4.29) and the resulting map A W : T M → g (4.30) induce a g-valued 2-form on M, that might be interpreted as the associated "curvature". More precisely:
where P C : T M → C is the projection associated to the decomposition (4.29).
Remark 4.3. In the case of a Chaplygin system, where C is a complement of the vertical space V, the only choice of W is W = V, hence A V = A is the principal connection on M with horizontal space given by C.
(ii): For g ∈ G, we have
so the claim in (i) follows.
As a consequence of item (i) and (4.30), we see that for X, Y ∈ X(M) we have that
Finally, we consider a natural 3-form associated with the momentum map and the W-curvature.
where ·, · is the pairing between g * and g.
The Jacobiator for the nonholonomic brackets in the presence of symmetries
As a consequence of Theorem 3.2, we obtain the following Jacobiator formula:
Theorem 4.5. Let (M, π nh ) be the G-invariant almost Poisson manifold associated to a nonholonomic system with symmetries satisfying the dimension assumption (4.24). Suppose that π B is a bivector field on M gauge related to π nh by a 2-form B satisfying (3.21), and let
where J : M → g * is the canonical momentum map, K W is the W-curvature, and ψ π B is the trivector
is not necessarily a constant section, so using (4.28) and (4.33), we get
From Theorem 3.2 and using (4.34), the Jacobiator of π B can be written as
which completes the proof.
Note that the lack of integrability of C can be seen directly from Theorem 4.5. Since C is regular, it is integrable if and only if it is involutive. By (2.8) and (4.35), one sees that C fails to be involutive due to the presence of the trivector ψ π B (which vanishes if and only if K W ≡ 0). Corollary 4.6. For a nonholonomic system with a symmetry group satisfying the dimension assumption (4.24), and for a G-invariant vertical complement W of C, the Jacobiator of the nonholonomic bivector π nh is given by
The Jacobiator of reduced brackets
For a nonholonomic system with symmetries satisfying the dimension assumption, we will now study the Jacobiator of reduced brackets on M/G.
Reduced brackets
Consider the G-invariant almost Poisson manifold (M, π nh ). Note that if a bivector π B is gauge related to π nh by a G-invariant 2-form B, then it is also G-invariant (see [2, Proposition 13] ). In this case, the orbit projection ρ : M → M/G induces almost Poisson bivector fields π nh red and π B red on M/G, where
Equivalently, let {·, ·} B be the almost Poisson bracket on C ∞ (M) associated to the invariant bivector π B . The induced almost Poisson bracket {·, ·} B red on functions on M/G is given by
Let W be a G-invariant vertical complement of C. From Theorem 4.5, we have Corollary 4.7. Let π B be a bivector field on M gauge related to π nh by a G-invariant 2-form B satisfying condition (3.21). Then
Proof. Proposition 4.8. Let P be a manifold equipped with an action of a Lie group G that is free and proper. Let π and π B be G-invariant bivector fields on P , and denote by π red and π B red the induced bivectors on P/G. If π and π B are gauge related by a basic 2-form B (with respect to ρ : P → P/G), then π red and π B red are gauge related by the 2-form B red where B red is the 2-form on P/G such that ρ * B red = B.
Proof. Since (Id + B ♭ • π ♯ ) is invertible on T * P then, using the relations (4.36) and the fact that B is basic, we obtain that (Id+B
The goal of the remainder of this section is to find conditions guaranteeing that reduced almost Poisson brackets on M/G have integrable characteristic distributions. A class of almost Poisson brackets that has this integrability property (not necessarily satisfying the Jacobi identity) are the so-called twisted Poisson brackets. The appearance of these brackets in nonholonomic systems was initially observed in [2] .
Reduced brackets and twisted Poisson structures
A bivector field π on a manifold P is called a φ-twisted Poisson [28] if φ is a closed 3-form on P such that
If {·, ·} is the bracket defined by the φ-twisted Poisson structure π, then (4.38) becomes
Let π be a φ-twisted Poisson bivector on the manifold P and [·, ·] π be the bracket on T * P given by (2.7). Note that π ♯ does not preserve this bracket. However, using (2.8) and (4.38) we obtain
for 1-forms α, β on P . This induces the following modification of the bracket (2.7):
. As a consequence, if π is twisted Poisson, its characteristic distribution π ♯ (T * P ) is an integrable distribution (generally singular) since it is the image of the anchor map of a Lie algebroid. Moreover, each leaf ι O : O ֒→ P of the corresponding foliation of P is endowed with a non-degenerate 2-form Ω O that is not necessarily closed: if π is φ-twisted, then ι * O φ = dΩ O . Note also that if π is φ-twisted and φ ′ is a closed 3-form whose pullback to each leaf coincides with that of φ, then π is also φ ′ -twisted.
Example 4.9.
(i) If π is the bivector field on P defined by a nondegenerate 2-form Ω, then π is φ-twisted and φ = dΩ, see (2.11).
(ii) Any bivector field π on a manifold P with an integrable regular characteristic distribution is twisted Poisson, even though there is no canonical choice of closed 3-form φ, [2] .
(iii) Let π be a φ-twisted Poisson bivector field on P . If π B is a bivector field obtained from π by a gauge transformation by a 2-form
Coming back to our setting, observe that the almost Poisson manifold (M, π nh ) associated with a nonholonomic system is never twisted Poisson since its characteristic distribution C is not integrable. Moreover, since all bivector fields gauge related to π nh have C as characteristic distribution, none of them is twisted Poisson.
Suppose that G is a symmetry group for the nonholonomic system satisfying the dimension assumption (4.24) . Consider the corresponding G-invariant almost Poisson manifold (M, π nh ). The next result gives sufficient conditions for reduced brackets to be twisted Poisson based on Corollary 4.7.
Corollary 4.10. Let W be a G-invariant complement of C in T M such that the 3-form dJ ∧ K W is closed. Let B be a G-invariant 2-form on M satisfying condition (3.21) and defining a bivector field π B gauge related to π nh . If dB + dJ ∧ K W is basic with respect to ρ : M → M/G then the induced reduced bivector field π B red is φ-twisted Poisson for the 3-form φ on M/G defined by the condition ρ
In particular, if we now consider the G-invariant hamiltonian H M : M → R and if the 2-form B in Corollary 4.10 defines a dynamical gauge transformation (as in Def. 2.4), then the reduced nonholonomic vector field X nh red can be written as (π
So, in this case, the reduced dynamics is described by a twisted Poisson bracket. Note that we are not assuming any regularity condition on π B red .
A special class of symmetries
We now show how many of the results discussed so far simplify once we impose an additional condition on the G-invariant complement W of C.
We say that W satisfies the vertical-symmetry condition if there is a Lie subalgebra g W ⊆ g such that, for all m ∈ M,
Observe that we only need to require g W to be a vector subspace since in this case it automatically satisfies that [g, g W ] ⊂ g W by the G-invariance of W.
The vertical-symmetry condition is a restrictive condition on the symmetries, as it implies the existence of a subgroup G W of G for which the system is Chaplygin. But, as we will see, many non-Chaplygin systems satisfy this condition, including the vertical rolling disk (Section 7.1), the nonholonomic particle (Sections 4.15, 5.3), the snakeboard (Section 7.2) and the rigid bodies with generalized constraints (Section 7.3)).
Remark 4.11. Note that systems satisfying the vertical-symmetry condition can be seen as Chaplygin systems with additional symmetries, so one can in principle treat them in two steps: first taking care of the Chaplygin symmetries, then treating the extra ones (along the lines of e.g. [18, 27] ). Comparing this viewpoint with the direct, one-step approach is the subject of a separate work in preparation [1] . ⋄ The next result shows some consequences of (4.39). 
(ii): Let X, Y, Z ∈ Γ(C). Then using item (i) we obtain
(iii): It follows from (4.34) and dK W | C ≡ 0.
We can simplify Theorem 4.5 and Corollary 4.7 when W is chosen such that condition (4.39) holds.
Theorem 4.13. Let (M, π nh ) be the G-invariant almost Poisson manifold associated to a nonholonomic system with symmetries satisfying the dimension assumption (4.24). Let W be a G-invariant vertical complement of C satisfying the vertical-symmetry condition (4.39). Then:
(i) the Jacobiator of a bivector field π B on M gauge related to π nh by a 2-form B satisfying condition
(ii) If, in addition, B is G-invariant, then the Jacobiator of the reduced bivector field π
Corollary 4.14. Under the same hypotheses of Theorem 4.
Example 4.15 (The nonholonomic particle). Consider a particle in Q = R 3 subjected only to the constraint ǫ = 0, where
The system admits symmetries given by the action of the Lie group R 2 on Q such that the vertical space is V = span Observe that W is not equal to S ⊥ ∩ V . In canonical coordinates, the constraint manifold is
From here we see that
Note that the vertical-symmetry condition (4.39) is satisfied, for
Remark 4.16. Note that the subbundle g S := {(m, ξ) : ξ M (m) ∈ S m } ⊂ M × g in this case is given by g S | m = span{(1, y)}, for m ∈ M; so the system does not admit horizontal symmetries in the sense of [6] . So, the vertical-symmetry condition may hold without horizontal symmetries. ⋄
The projection to W adapted to the decomposition (4.40) is given by
where we consider {dx, dy, dp x , dp y , ǫ} a local basis of T * M. Therefore A W : T M → g is given by A W = (0, ǫ) (see (4.30)). Since g W is a vector space, the W-curvature is K W = (0, dǫ) = (0, dx ∧ dy). To compute the momentum map J : M → g * we use (4.27) for the canonical 1-form Θ M = p x dx + p y dy + yp x dz and (1, y) M = ∂ ∂x + y ∂ ∂z and (0, 1) M = ∂ ∂z . Therefore, in canonical coordinates, J = ((1 + y 2 )p x , yp x ). The 2-form J , K W is given by 
nh (ρ * dp x ), π ♯ nh (ρ * dp y )) = 0. 
More examples where d J , K W is basic, or where we need a dynamical gauge in order to obtain d( J , K W + B) basic, are worked out in Section 7.
Chaplygin systems
As we now see, Theorem 4.13 and Corollary 4.14 have direct applications to Chaplygin systems.
For a nonholonomic system with Chaplygin symmetries (see Section 4.1), the splitting (4.29) becomes
since S = {0}. That is, the only possible choice for W is exactly the vertical space V, which clearly satisfies the vertical-symmetry condition (4.39). In this case K W = K is the usual curvature of the connection associated to the splitting (4.44).
Recall that for a Chaplygin system, the reduced bivector π where J , K red is the 2-form on M/G such that ρ * ( J , K red ) = J , K .
Proof. Starting with Corollary 4.14, we set B = 0 and note that J , K is a basic 2-form, since it is G-invariant and semi-basic with respect to the orbit projection ρ : M → M/G. It then follows that
which is equivalent to (4.45) by (2.11). Taking into account gauge transformations, Corollary 4.14 says that
which, by (2.11), is simply the assertion that
5 Poisson structures associated with some nonholonomic systems with symmetries
For a given a nonholonomic system with an action by symmetries satisfying the dimension assumption, this section shows how the choice of a G-invariant vertical complement W of C satisfying the vertical-symmetry condition endows the reduced manifold M/G with a genuine Poisson structure. We will also dicuss conditions under which the reduced nonholonomic dynamics is described by a gauge transformation of this Poisson bracket.
Poisson structures on reduced spaces
Let (M, π nh ) be the almost Poisson manifold associated with a nonholonomic system equipped with a symmetry group G such that the dimension assumption is satisfied. We start by observing Proposition 5.1. For any G-invariant vertical complement W of C, the 2-form J , K W on M satisfies the following:
(i) it is semi-basic with respect to the bundle projection τ : M → Q,
Proof. Statement (i) relies on (4.33) and on the fact that K W is semi-basic, which was proved in Proposition 3.1.
To prove (ii), recall that K W is ad-equivariant (see Prop. 4.4) . By the equivariance property of the canonical momentum map J : M → g * , we obtain
As a consequence of the previous Proposition and Remark 2.5, if B := − J , K W , the endomorphism (Id+B ♭ •π ♯ nh ) of T * M is invertible. Therefore, the gauge transformation of π nh by the 2-form − J , K W is well defined and produces a new bivector field on M that we denote by π JK .
Equivalently, we can describe π JK by noticing (see Remark 2.2(ii)) that the point-wise restriction of the 2-form Ω JK := Ω M + J , K W to C is nondegenerate. Then π JK is the bivector determined by the distribution C and the section Ω JK | C (as in (2.10)). Note also that π JK may not describe the dynamics since i X nh J , K W usually does not vanish. To simplify our notation, we will denote the Poisson structure on M/G defined in Prop. 5.2 by Λ, 
Observe the similarity with the bivector in (2.13). The gauge transformation of π nh by the 2-form − J , K W given in (4.42), is
The orbit projection ρ : M → M/G is given by ρ(x, y, z; p x , p y ) = (y, p x , p y ) and thus the Poisson bivector field on M/G is The assertion that Λ is a Poisson structure is the same as saying that the 2-form (5.49) is closed (i.e., symplectic), which is in agreement with (4.45).
A metric-independent Poisson manifold
In this section we only use part of the data of a nonholonomic system with symmetries, since the lagrangian will play no role. Consider a (free and proper) G-action on the configuration manifold Q preserving the constraint distribution D, and let W be a G-invariant vertical complement of D in T Q, that is, T Q = D ⊕ W and W ⊂ V .
Analogously to the condition introduced in Section 4.4, we will say that W satisfies the verticalsymmetry condition if there is a Lie subalgebra g W of g such that, for all q ∈ Q,
(5.50)
Since W is G-invariant, the same holds for its annihilator W • ⊂ T * Q with respect to the lifted action to T * Q. We will now show that W • /G inherits a Poisson structure Λ 0 when W satisfies the vertical-symmetry condition. Later, in Section 5.3, we will relate the Poisson manifold (W • /G, Λ 0 ) with the reduced Poisson structures of Prop. 5.2.
Let V 0 ⊂ T (W • ) be the vertical space with respect to the G-action on W • (the restriction of the cotangent lift), and denote by τ 0 : W • → Q the canonical projection (the restriction of τ Q : T * Q → Q). As in Section 2.2, let us consider the distribution C 0 on W • defined by
Consider Ω W • := ι * 0 Ω Q , where ι 0 : W • ֒→ T * Q is the natural inclusion. Therefore, as seen in Section 2.2, the distribution C 0 , given in (5.51), and the 2-form Ω W • induce a G-invariant bivector field π 0 on W • defined by the relation
We denote the reduction of π 0 to W • /G by Λ 0 .
Then, from Remark 4.1, we know that the decomposition T Q = D⊕W induces a splitting T (W • ) = C 0 ⊕ W 0 , where W 0 := (T τ 0 | V 0 ) −1 (W ). In this case, since W is G-invariant then W 0 is G-invariant and also note that if W verifies the vertical-symmetry condition, then W 0 verifies it as well. Proposition 5.6. If W is a G-invariant vertical complement of D satisfying the vertical-symmetry condition, then Λ 0 , the reduction of π 0 on W • to W • /G, is a Poisson structure.
Proof. By Theorem 4.13, we know that
where J 0 : W • → g * is restriction of the canonical momentum map on T * Q to W • and K W 0 is the W 0 -curvature with respect to the decomposition T (W • ) = C 0 ⊕ W 0 . We are going to show that J 0 , K W 0 ≡ 0, for which it suffices to check that
If (q) are local coordinates on Q, then we denote by (q; p i , p a ) the coordinates on T * Q associated to the dual basis {X i , Z a } of T * Q. The submanifold W • is represented by (q; p i , 0). In order to compute the 2-form J 0 , K W 0 observe that for X, Y ∈ Γ(C 0 ),
On the other hand, note that the Liouville 1-form on T * Q can be written as
(Here we use the same notation for 1-forms on Q and their pullbacks to T * Q.) 
where η W 0 is the infinitesimal generator corresponding to η. Then
It follows from Lemma A.1(i) in the Appendix that the presymplectic submanifold (W • , Ω W • ) of (T * Q, Ω Q ) reduces to a Poisson structure on W • /G. The fact that this Poisson structure coincides with Λ 0 of Prop. 5.6 is a direct consequence of Lemma A.4: 
If J : T * Q → g * is the canonical momentum map for the lifted action on T * Q, then V • = J −1 (0) and it is well-known that the corresponding Marsden-Weinstein reduction is the cotangent bundle (T * (Q/G), Ω Q/G ), see e.g. [26] . With the identification V • /G = J −1 (0)/G = T * (Q/G), it follows from (5.54) that Ω 0 coincides with the canonical symplectic form Ω Q/G , so the Poisson structure Λ 0 is just the canonical one on T * (Q/G).
The equivalence
In this section, we compare the Poisson structures Λ and Λ 0 , obtained in Propositions 5.2 and 5.6. We recall the set-up defined by a nonholonomic system with symmetries. Let D be the G-invariant constraint distribution on the configuration manifold Q, and let W be a G-invariant vertical complement of D. This defines an invariant bivector field π 0 on the submanifold W • ⊂ T * Q as in (5.52). On the other hand, by using the (G-invariant) kinetic energy metric κ, we consider the submanifold M ⊂ T * Q equipped with the G-invariant vertical complement
of C (induced by W as in Remark 4.1). On M, we have the invariant bivector field π JK , introduced in Section 5.1. Note that if W satisfies the vertical-symmetry condition, then W also does (and g W = g W ).
The next result relates the almost Poisson manifolds (M, π JK ) (which depends on the metric κ) and (W • , π 0 ) (which is metric-independent). 
Proof. Let us consider a local basis {X i , Z a } of T Q adapted to the decomposition T Q = D ⊕ W , such that {X i } is orthonormal with respect to the kinetic energy metric κ. Let {X i , Z a } be the dual (local) basis of T * Q. This basis induce local coordinates (q; p i , p a ) on T * Q, where (q) are local coordinates on Q. The Liouville 1-form Θ Q on T * Q is written as Θ Q = p i X i + p a Z a (see (5.53)), so
Observe that, locally, C = span{X i ,
∂pa } and W = span{Z a }. Let us compute the 2-form J , K W (as done in the proof of Prop. 5.6) in these coordinates. We take {ξ a } a local basis of sections of
and, since Z a | C = 0,
Consider the metric κ 0 on Q given at each X, Y ∈ T Q by 
We have to see that there exists a diffeomorphism Ψ : M → W • preserving the almost Poisson structures π JK and π 0 . For that, it suffices to check that
is a diffeomorphism that, by the definition of κ, satisfies Ψ( ,p y , 0) . Therefore, Ω W • = dx ∧ dp x + dy ∧ dp y = dx ∧ dp x + dy ∧ dp y • | C 0 = (1 + y 2 )dx ∧ dp x + dy ∧ dp y + 2yp
On the other hand, the Poisson bivector field Λ 0 is computed using the presymplectic 2-form Ω W • and (A.78) and thus we obtain that Λ 0 = 
Symplectic leaves and the reduced dynamics
Throughout this section, we consider nonholonomic systems with symmetries satisfying the dimension assumption. We let W ⊆ T Q be a G-invariant vertical complement of the constraint distribution D satisfying the vertical-symmetry condition (4.39), and let W ⊆ T M be as in Remark 4.1. Our aim is to relate the Poisson structure (5.47) with the reduced nonholonomic dynamics.
Symplectic leaves
Let us consider the Poisson structures Λ on M/G (as in (5.47)) and Λ 0 on W • /G (as in Propositions 5.6 and 5.8). We start by describing their symplectic leaves.
Using the description of Λ 0 in Prop. 5.8 as a reduction of Ω W • , we have the following diagram: (ii) The symplectic leaves of Λ are connected components of quotients
We illustrate this result with the nonholonomic particle, following Examples 4.15, 5.3 and 5.11.
Example 6.2. Recall that, in canonical coordinates, T * Q/G is given by (y, p x , p y , p z ) and the leaves of the Poisson bracket π can are the level sets of the functions p x and p z . Since W • /G is locally described by the coordinates (y, p x , p y ), then, as we just saw, the leaves of Λ 0 are the level sets of p x . Now, using the diffeomorphism Ψ : M → W • , given in canonical coordinates by Ψ(p x , p y , yp z ) = p x 1 + y 2 , p y , 0 , we obtain the symplectic leaves of Λ: by Theorem 6.1 they are given by the inverse image by Ψred of the leaves of Λ 0 , that is, the level sets of (1 + y 2 )p x determine the leaves of Λ.
Relation with the nonholonomic momentum map
In what follows, we analyze the role of the nonholonomic momentum map [6] in the description of the symplectic leaves of the Poisson manifold (M/G, Λ).
The definition of the nonholonomic momentum map, that we now recall, does not use any choice of complement W of D. Following [6] , let us consider S = C ∩ V ⊂ T M (see (4.25) ) and define the subbundle g S → M of the trivial bundle
(6.65)
We can similarly consider S = V ∩ D ⊂ T Q and g S ⊂ g × Q, g S | q = {ξ : ξ Q (q) ∈ S q }. Since the action on M is the lifted action on Q, g S | m coincides with g S | q for τ (m) = q.
For an arbitrary section
The nonholonomic momentum map [6] is the map J nh : M → g * S given by
. From equations (6.66) and (6.67), we see that, for any ξ ∈ Γ(g S ), we have
If we now consider the G-invariant hamiltonian function H M ∈ C ∞ (M), then from (6.68) we observe that J nh , ξ ∈ C ∞ (M) is conserved by the flow of X nh if and only if
Remark 6.3. If ξ is a constant section, then £ ξ M Θ M = 0 because of the G-invariance of the Liouville 1-form. This implies the conservation of the nonholonomic momentum map in the case of horizontal symmetries, as it was proven in [6] . ⋄
The next result relates J nh : M → g * S and J 0 • Ψ : M → g * (considered in Theorem 6.1(ii)) once a choice of W is made. Observe that, for each m ∈ M, the Lie algebra g can be split into
observing that the splitting is simplified by the vertical-symmetry condition, in that g W is independent of m. Let
be the projection associated to the splitting (6.69).
Remark 6.4. One can consider a similar splitting to (6.69) if the vertical-symmetry condition does not hold for W , except that the complement of g S will also vary with m; the projection (6.70) is also defined similarly. ⋄ Theorem 6.5. Consider the almost Poisson manifold (M, π JK ), defined in Section 5.1. The nonholonomic momentum map J nh : M → g * S satisfies the following:
In other words,
(ii) If W verifies the vertical-symmetry condition (4.39) then π
Proof. (i) Let us denote, as usual, ι 0 : W • → T * Q and ι : M → T * Q the corresponding inclusions and let P D : T Q → D is the projection associated to decomposition T Q = D ⊕ W . Let v ∈ T Q and m ∈ M, then since Ψ(m) ∈ W • , we have that ι 0 (Ψ(m)), v = ι 0 (Ψ(m)), P D (v) . Therefore, if η ∈ g, and using that η Q = T τ 0 (η W • ) we obtain
(ii) Since J 0 : W • → g * is the restriction of the canonical momentum map on
By Lemma 5.7 we have that Ker Ω W • = W 0 , and denoting by
Corollary 6.6. The symplectic leaves of the Poisson manifold (M/G, Λ) are (the connected components of ) (J nh ) −1 (ι * g µ)/G µ , for µ ∈ g * , where ι g : g S → g M is the natural inclusion.
In the previous statement, we view µ ∈ g * as a constant section of g * M , so that ι * g µ is a (not necessarily constant) section of g * S .
Proof. By Theorem 6.1, the leaves of Λ are the connected components of (J 0 • Ψ) −1 (µ)/G µ , for µ ∈ g * . Using Theorem 6.5(i) and the fact that
Remark 6.7. Following Remark 6.4, we note that part (i) of Theorem 6.5 still holds without the vertical-symmetry condition. ⋄
Reduced nonholonomic brackets as gauge transformations of Poisson structures
As we already remarked in section 5.1, the Poisson bivector Λ on M/G may not describe the reduced dynamics, since π JK does not necessarily describe the dynamics defined by the hamiltonian H M . Still, there are situations in which the reduced dynamics is described by a bivector field obtained as a gauge transformation of Λ:
Theorem 6.8. Suppose that B is a G-invariant 2-form on M satisfying (3.21) and defining a dynamical gauge transformation of π nh (as in Def. 2.4). If B + J , K W is basic with respect to the orbit projection ρ : M → M/G, then the reduced dynamics is described by a bivector field π B red which is a gauge transformation of Λ by the 2-form B, where B is such that ρ * B = B + J , K W .
Assuming that W verifies the vertical-symmetry condition (4.39), we conclude that π nh red is a twisted Poisson structure that is gauge related to the Poisson bivector Λ.
The various bivectors and gauge transformations in Thm. 6.8 are represented by the following diagram: The procedure in Thm. 6.8 will be illustrated in section 7 (see section 7.3).
Corollary 6.9. Under the assumptions of Theorem 6.8, for each η ∈ g, the function J nh , P g S (η) ∈ C ∞ (M) is conserved by the flow of X nh .
Proof. Let ξ = P g S (η), for η ∈ g. Theorem 6.5(ii) asserts that π
We stress that the fact that the reduced dynamics is described by a bivector field π B red gauge equivalent to the Poisson structure Λ has several consequences: for example, π B red is a twisted Poisson structure, so its charctaeristic distribution is integrable -in fact, its almost symplectic leaves coincide with the leaves of Λ, and the Casimirs of Λ are conserved quantities of the nonholonomic system. In particular, the leaves of π B red are described by Thm. 6.1 and Cor. 6.6. The only difference is on the leafwise 2-forms: while for Λ the symplectic form on a leaf (
red the almost symplectic form on the same leaf is
where B µ is the pullback of the 2-form B on M/G (in Thm. 6.8) to the leaf.
We derive some conclusions about the nonholonomic particle based on the results of this section.
Example 6.10 (Nonholonomic particle). Recall from Examples 4.15, 5.3, 5.11, 6.2 that the reduced nonholonomic bivector field on M/G is given by
and the Poisson bivector field Λ described in Sec. 5.1 is
As we observed in Example 4.15 the 2-form J , K W = yp x dx ∧ dy relating π nh and π JK is not basic and thus π nh red and Λ are not necessarly gauge related (see Prop. 4.8). In fact, for (a, b) ∈ g ≃ R 2 and using (4.41), we see that the function J nh , P g S (a, b) = J nh , a(1, y) = (1 + y 2 )p x determines the leaves of Λ (Corollary 6.6) since f = (1 + y 2 )p x is a basic function on M. In other words, f is a Casimir of Λ. However, f is not a Casimir of π nh red since it is not conserved by the motion (see [5, Sec.5.6] ). Therefore, π B red is not gauge related with Λ.
On the other hand, if there was a dynamical gauge B satisfying the conditions in Theorem 6.8 then B + J , K W would be basic and i X nh B = 0. Hence, i X nh J , K W would be semi-basic with respect to the orbit projection ρ : M → M/G. However, using equation (4.42) it can be checked that i X nh J , K W is not semi-basic.
As a final attempt to obtain a reduced bivector field describing the dynamics that is gauge related to Λ we may try to change the vertical complement W . Note, however, that in general the verticalsymmetry condition will no longer be satisfied.
Examples
So far we have illustrated our results using the nonholonomic particle (see Examples 4.15, 5.3, 5.11, 6 .2 and 6.10 and Chaplygin systems (see Section 4.5 and Examples 5.4 and 5.9). This section presents other mechanical examples, all of which exhibit symmetries which are not Chaplygin, so their reduced dynamics are described by bivector fields (not 2-forms). In all cases, we find suitable choices of complements W and dynamical gauge transformations so that the reduced dynamics is described by twisted Poisson structures (as e.g. in Corollary 4.10 and Theorem 6.8).
More concretely, in Section 7.1 we verify that the reduced dynamics of the vertical rolling disk is directly described by the Poisson structure Λ. In Section 7.2 we consider the Snakeboard, and show that the 2-form J , K W in this case is basic and induces a gauge transformation relating the reduced bivector field π nh red to the Poisson bivector Λ. Section 7.3 illustrates the usage of a dynamical gauge transformation in Theorem 6.8 for the Chaplygin ball, also leading to a description of the reduced dynamics by a bracket given by a gauge transformation of the Poisson bracket Λ.
The vertical rolling disk
Consider a vertical disk of radius R rolling on a plane without sliding, see e.g. [5, Sec. 1.4 and 5.6] . Let (x, y) ∈ R 2 represent the contact point between the plane and the disk, ϕ and ψ represent the rotation angle of a point in the disk with respect to the vertical axis and the orientation angle of the disk, respectively. So, the configuration manifold is given by R 2 × S 1 × S 1 . The nonsliding constraints are given by the 1-forms ǫ x = dx − R cos ψdϕ and ǫ y = dy − R sin ψdϕ.
The Lagrangian is given by the kinetic energy
where m is the mass of the disk, I is its moment of inertia about the axis perpendicular to the plane containing of the disk, and J is the moment of inertia about an axis in the plane of the disk (both axis passing through the disk center). Consider the action of the (direct product) Lie group
The Lie algebra g is R 3 , and V = span{ 
Note that W verifies the vertical-symmetry condition (5.50) since g W = span{(1, 0, 0), (0, 1, 0)}. The dual basis of T * Q associated to (7.72) is given by {ǫ x , ǫ y , dϕ, dψ} with coordinates (p x ,p y ,p ϕ ,p ψ ). In these coordinates, M is defined as
We define, as usual, W as in (5.55), thus obtaining the decomposition
where ι : M → T * Q is the inclusion. The map A W is R 2 -valued, A W = (ǫ x , ǫ y , 0), and thus the Wcurvature is K W = (R sin ψ dψ ∧ dϕ , −R cos ψ dψ ∧ dϕ , 0). Finally, we see that J , K W = 0. Therefore, the bivector π JK coincides with π nh and thus the reduced dynamics is described by the Poisson bivector Λ (5.47) on the manifold M/G (given by coordinates (ψ,p ϕ ,p ψ )).
On the other hand, the submanifold W • of T * Q is locally expressed as W • = {p x =p y = 0}, and thus the presymplectic 2-form Ω W • is given by Ω W • = dψ ∧ dp ψ + dϕ ∧ dp ϕ . Using Prop. 5.8 on the reduced space W • /G we have the Poisson structure Λ 0 = ∂ ∂ψ ∧ ∂ ∂p ψ which is computed using (A.78). To compute the Poisson bivector Λ on M/G we consider the isomorphism Ψ : M → W • given by Ψ(q; ι * p x , ι * p y ,p ϕ ,p ψ ) = (q; 0, 0,p ϕ ,p ψ ). Thus, by Proposition 5.10,
Next, we analyze this Casimir in the context of conserved quantities. At each m ∈ M, g S = span{(R cos ψ, R sin ψ, 1)} (see (6.65) ). Then for η = (a, b, c) ∈ g ≃ R 3 , the function
is conserved during motion by Corollary 6.9 (in agreement with [5] , where it is shown that if (p x , p y , p ϕ , p ψ ) are the canonical coordinates on T * Q, then p ϕ = Cp ϕ is conserved where C is a non-zero constant).
The snakeboard
The snakeboard is a modified version of the skateboard which is modeled on the configuration manifold Q = SE(2) × S 1 × S 1 . The coordinates (x, y, θ) ∈ SE(2) represent the position and orientation of the center of the board, φ ∈ S 1 is the angle of the momentum wheel relative to the board, and ψ ∈ S 1 is the angle of the back and front wheels (we are assuming that they coincide). The non-sliding constraints are given by the annihilators of the 1-forms ǫ x = dx + r cot φ cos θdθ and ǫ y = dy + r cot φ sin θdθ.
The (direct product) Lie group G = R 2 × S 1 is a symmetry of the system (see [27] ) with the action on Q given by In this case the vertical-symmetry condition (5.50) is satisfied for g W = span{(1, 0, 0), (0, 1, 0)}. Hence, it is sufficient to compute the 2-form J , K W , for W as in (5.55). The lagrangian function is just the kinetic energy metric,
For q = (x, y, θ, φ, ψ) ∈ Q, let us denote (p x ,p y ,p θ ,p φ ,p ψ ) the coordinates on T * q Q associated to the basis {ǫ x , ǫ y , dθ, dφ, dψ}. Therefore, the manifold M = Leg(D) is given in coordinates by
Since g S = span{(0, 0, 1)}, the momentum map adapted to this basis is, for m ∈ M, J (m) = (ι * p x , ι * p y ,p ψ ), where ι : M → T * Q is the inclusion. The W-curvature is given by K W = (dǫ x , dǫ y , 0), and thus the 2-form J , K W is
which is basic with respect to the orbit projection ρ : M → M/G. By Corollary 4.14, the reduced bivector field π nh red is twisted Poisson, and hence has an integrable characteristic distribution. Moreover, by Theorem 6.8, π nh red is gauge related with the Poisson bivector Λ on M/G by the 2-form J , K W red (here we are taking B ≡ 0). In order to obtain the conserved quantities of the system that are related with the symmetries, we analyze the Poisson manifold (W • /G, Λ 0 ). The submanifold W • ⊂ T * Q is described in coordinates byp x =p y = 0. Using (5.57) we see that Ω W • = dθ ∧ dp θ + dφ ∧ dp φ + dψ ∧ dp ψ . Its reduction by G gives the Poisson bivector Λ 0 on W • /G (Prop. 5.6) described, in local coordinates (θ, φ,p θ ,p φ ,p ψ ), by
for whichp ψ is a Casimir. The Poisson bivector Λ is isomorphic to Λ 0 via the map Ψred defined in (5.56) and thus Ψ * redpψ =p ψ is also a Casimir of Λ (Theorem 6.1). Since π nh red and Λ are gauge related, the leaves of π nh red are given by the level sets ofp ψ and thus the functionp ψ is a conserved quantity of the nonholonomic system, in agreement with [27] . On the other hand, observe that, for η ∈ g ≃ R 3 , the functionp ψ satisfies thatp ψ = J nh , P g S (η) = J nh , (0, 0, 1) , see Corollary 6.9.
Rigid body with nonholonomic constraints
We now consider the motion of an inhomogeneous sphere whose center of mass coincides with its geometric center that rolls without slipping on the plane.
Following [2, Section 5], we can see this example as a particular case of a rigid body with generalized rolling constraints which describes the motion of a rigid body in space that evolves under its own inertia and it is subject to constraints that relate the linear velocity of the center of mass with the the angular velocity of the body. If x ∈ R 3 represents the center of mass and ω the angular velocity of the body with respect to an inertial frame, then the constraints are written aṡ x = rAω, (7.73) where r denotes the radius of the sphere and A is a given 3 × 3 matrix that, following [2] , satisfies one of the (simplified) conditions:
We can interpret the motion determined by (7.73) for each matrix A: if A ≡ 0, (7.73) represents the motion of a free rigid body; If A has rank 1 then the body is allowed to move along the vertical axis satisfying the constraints; When the matrix A has rank 2, (7.73) determines a ball rolling on a plane without sliding (the Chaplygin ball), while if the rank of A equals 3 then any two points on the configuration space can be joined by a curve satisfying the constraints.
The configuration manifold is Q = SO(3) × R 3 with coordinates (g, x), where g is an orthogonal matrix that specifies the orientation of the ball by relating two orthogonal frames, one attached to the body and one that is fixed in space, and x represents the position of the center of mass in space. We will assume that the body frame has its origin at the center of mass and is aligned with the principal axes of inertia of the body. These frames define the so-called space and body coordinates, respectively.
Given a motion (g(t); x(t)) ∈ Q, the angular velocity vector in space ω and body coordinates Ω are respectively given byω (t) =ġ(t)g
where we use the usual identificationˆ: so(3) → R 3 , and satisfy ω = gΩ. Therefore, the constraints can also be written asẋ = rAgΩ.
Let λ and ρ be the left and right Maurer-Cartan forms, respectively, that can be thought as R 3 -valued 1-forms by means of the identification of the Lie algebra so(3) with R 3 by the hat map. Thus for a tangent vector v g ∈ T g SO(3) we have ω = ρ(v g ) and Ω = λ(v g ). Therefore, the constraints can be written in terms of a R 3 -valued 1-form ǫ = (ǫ 1 , ǫ 2 , ǫ 3 ), where ǫ i are the 1-forms defining the constraints. In local coordinates, ǫ is given by
where we are using the relation ρ = gλ.
The constraint distribution D on T Q is given by
where
) is the moving frame of SO(3) dual to ρ = (ρ 1 , ρ 2 , ρ 3 ); similarly, X left is the moving frame of SO(3) dual to λ.
The left action of the Lie group G = {(h, a) ∈ SO(3) × R 3 : he 3 = e 3 } on Q is given by
This G-action on Q is a symmetry for the nonholonomic system since the lifted action on T Q leaves the constraints and the hamiltonian invariant (observe that hA = Ah when A is a matrix of the form described in (7.74)). In this case, the vertical space V is given by
where γ = (γ 1 , γ 2 , γ 3 ) is the third row of the matrix g ∈ SO(3). Note that S = span γ · (X left + rAg ∂ ∂x ) . The Lie algebra g associated to G is abelian Lie algebra identified with R × R 3 .
Let us define the G-invariant vertical complement W of D on T Q given by
The distribution W satisfies the vertical-symmetry condition (5.50) for g W = span{η i := (0; e i ), i = 1, 2, 3} where e i are the canonical vectors in R 3 . If we consider the basis {X left + rAg ∂ ∂x , ∂ ∂x } of T Q then {λ, ǫ} is its dual basis on T * Q. Let us denote by (g, x; K,p) the coordinates on T * Q adapted to this basis.
The submanifold W • of T * Q is represented, in coordinates, by (g, x; K, 0), and the G-action on W is given by (h, a) : (g, x; K) → (hg, hx + a; K). Thus, (γ, K) are local coordinates of the reduced manifold
Since W satisfies the vertical-symmetry condition, the reduction of the presymplectic manifold (
The lagrangian is given by the kinetic energy
where I is the inertia tensor which is represented as a diagonal 3 × 3 matrix whose positive entries, I 1 , I 2 , I 3 are the principal moments of inertia.
As it was computed in [2] and [17] ,
Therefore, since we consider coordinates adapted to the constraints, the isomorphism Ψ : M → W • is written in coordinates as Ψ(g, x; K,p) = (g, x; K, 0). On the reduced manifold M/G, with local coordinates (γ, K), the Poisson structure Λ coincides with the formulas given in (7.76), for W as in (5.55).
Remark 7.1. At this point, we can check whether the reduced nonholonomic vector field belongs to the characteristic distribution of Λ. In fact, since ( [2, 17] )
we see that Λ ♯ (Ω · dK) = X nh red . Even though Ω · dK is not necessarily a closed 1-form (observe that it depends on the matrix A by the relation between K and Ω), the fact that X nh red belongs to Λ ♯ (T * (M/G)) says that it makes sense to think that the reduced dynamics may be described by a gauge transformation of Λ. ⋄ The 2-form J , K W .
The map A W : T M → g defined in (4.30) is given, as in the other examples, by A W = (0, ǫ). Using Definition 4.2, the W-curvature K W is
. Now, we have to write the momentum map J : M → g * in the appropriate basis. Let us consider the local basis γ · (X left + rAg
Consider the section ξ 0 ∈ Γ(g) such that ξ 0 Q ∈ Γ(S). Therefore, the decomposition S ⊕ W induces a basis of (local) sections of Γ(g) given by {ξ 0 , η 1 , η 2 , η 3 }. On the other hand, since α ∈ M ⊂ T * Q can be written in local coordinates as
If we denote the first and second rows of the matrix g by α = (α 1 , α 2 , α 3 ) and β = (β 1 , β 2 , β 3 ), then (gΩ) T = ( α, Ω , β, Ω , γ, Ω ) and thus the momentum map J ∈ Γ(M × g * ) written with respect to the basis {ξ 0 , η i } is
Therefore, the 2-form J , K W on M is given by
Now, it is possible to compute the Jacobiator of π nh and π nh red by Theorem 4.13. In order to see if the reduced bivector π nh red has an integrable characteristic distribution (or if there is a dynamical gauge transformation such that π B red has an integrable characteristic distribution) it is necessary to analyze whether the 2-from J , K W is basic with respect to the orbit projection ρ : M → M/G and as a result we will be able to explain the dynamical gauge transformations chosen in [17, 2] . If A ≡ 0. In this case, J , K W ≡ 0 and thus [π nh , π nh ] = 0 since ψ π nh = 0 (observe that K W ≡ 0). This is coherent with the fact that A ≡ 0 describes the free rigid body.
If A has rank 1. In this case, A T A = A 3 with A 3 = e 3 e T 3 , where e 3 is the third canonical vector in R 3 . Then, using also that dγ = γ × λ [17, 2] the 2-form in (7.77) becomes
which is basic. From Corollary 4.14, the reduction of π nh induces a bivector π [2, Theorem 6] ). In particular, it has an integrable characteristic distribution. Moreover, following Theorem 6.8, the bivector π nh red is a gauge transformation of Λ (given in (7.76)) by the 2-form J , K W red .
If A has rank 2. Since A T A = Id − A 3 where Id is the identity matrix, then
In this case, d J , K W is not basic. Note that one can conclude more: there is no closed 3-form φ on M/G making the reduced bivector field π nh red twisted Poisson. In fact, if such φ existed then, by Corollary 4.14, we would have d J , K W | C = −ρ * φ| C , which would imply that i X d J , K W = 0 for any X ∈ Γ(S). However one can verify that this is not the case. As a consequence, since π nh red is regular ( [2] ), it follows that its characteristic distribution is not integrable, in agreement with [17] .
Let us consider the 2-form B on M given by B = −r 2 m Ω, λ × λ , which is the non-basic part of J , K W . Observe that B satisfies the conditions of Definition 2.4 and thus B defines a dynamical gauge for the bivector π nh and the hamiltonian H M = If A has rank 3. Finally A T A = Id, then J , K W | C = r 2 m Ω, λ × λ | C . In this case, J , K W is not basic but it defines a dynamical gauge, that is i X nh J , K W = 0. Thus, the gauge transformation of π nh by B = − J , K W gives a bivector π B describing the dynamics. Moreover, π B coincides with π JK . So, the Poisson bracket Λ on M/G describes the reduced dynamics (this result recovers [2, Proposition 1]).
Conserved quantities.
For η = (µ; (a, b, c)) ∈ g, we have that J nh , P g S (η) = J nh , µξ 0 = µ K, γ . Since K, γ is a basic function, then it is a Casimir of Λ according to Corollary 6.6. Since, for any rank of A, the reduced dynamics is described by a bivector field π B red that is gauge related with Λ, K, γ is also a Casimir for π B red . Thus, as Corollary 6.9 asserts, K, γ is a conserved quantity of the nonholonomic system (in agreement with [17] ).
The nonholonomic bracket.
Observe that it is not necessary to compute the nonholonomic bracket π nh in order to obtain its Jacobiator and draw conclusions about the integrability of the characteristic distribution associated to the reduced nonholonomic bracket. Note that the 2-section Ω M | C and the distribution C defining π nh are computed to be C = span X left + rAg 
From here we can recover the formula for the nonholonomic bracket given in [2, Prop. 15] .
A Appendix
Let (R, Ω) be a symplectic manifold equipped with a free and proper action of a Lie group G preserving Ω. There is an induced Poisson structure on R/G by reduction, that we denote by π R/G . We use the notation O R/G for its symplectic leaves and ρ R : R → R/G for the quotient map. Let ι : P ֒→ Q be a G-invariant submanifold of R and Ω P := ι * Ω. We denote by V P ⊆ T P the distribution tangent to the orbits of the restricted action on P , and by ρ P : P → P/G the quotient map.
Lemma A.1. Suppose that Ker Ω P has constant rank and Ker Ω P ⊂ V P . Then: (i) There is an induced Poisson structure π P /G on P/G.
(ii) Each symplectic leaf O P /G of π P /G is a symplectic submanifold of a leaf O R/G of π R/G , given by a connected component of the intersection O R/G ∩ (P/G).
Note that we have an induced embeddingῑ : P/G ֒→ R/G. Condition (ii) says that P/G is a Poisson-Dirac submanifold of R/G, in the sense of [10, Sec. 8] (see also [8, Sec. 6] ). We will refer to the Poisson structure π P /G in (i) as the reduction of the presymplectic form Ω P .
Proof. (i): Consider C ∞ (P ) adm := {f ∈ C ∞ (P ) | df (Ker Ω P ) = 0}. The condition that Ker Ω P has constant rank implies that C ∞ (P ) adm is a Poisson algebra with Poisson bracket given by {f, g} = −dg(X), where X is any vector field on P such that i X Ω P = df (such X always exists). If C ∞ (P ) G denotes the space of G-invariant functions on P , then condition Ker Ω P ⊂ V P implies that C ∞ (P ) G ⊆ C ∞ (P ) adm .
We now check that if f, g ∈ C ∞ (P ) G , then {f, g} ∈ C ∞ (P ) G . For any γ ∈ G, using that γ * Ω P = Ω P and γ * f = f , we see that if i X Ω P = df , then γ * X − X ∈ Ker Ω P . Hence dg(X) = dg(γ * X) when g ∈ C ∞ (P ) G . From that we directly verify that γ * {f, g} = −γ * (dg(X)) = −dg(X) = {f, g}. So the Poisson bracket on C ∞ (P ) adm restricts to C ∞ (P ) G , and there is an induced Poisson structure π P /G on P/G since ρ * P : C ∞ (P/G) → C ∞ (P ) G is an isomorphism. More explicitly, Since both subbundles have the same rank (equal to the dimension of P/G, as both are Dirac structures, see [8] ), it suffices to verify that the subbundle (A.79) is contained in graph(π ♯ P /G ). Let π be the bivector field corresponding to the 2-form Ω on R. Given (Y,ῑ * α) in the subbundle (A.79) at ρ P (x) = ρ R (x), for x ∈ P ⊆ R, we know that Tρ R (π ♯ (ρ * R α)) = π ♯ R/G (α) = Tῑ(Y ), where ρ * R α is taken at x. For Z ∈ T x P such that Tρ P Z = Y , we see that π ♯ (ρ * R α) − T ι(Z) is vertical (i.e., tangent to a G-orbit), and hence must be tangent to P since P is G-invariant. It follows that π ♯ (ρ * R α) = T ι(X), for X ∈ T x P , and Tῑ(Y ) = Tρ R (T ι(X)) = Tῑ(Tρ P (X)), i.e., Y = Tρ P (X). Finally note that
which says that Y = Tρ P (X) = π ♯ P /G (ῑ * α), that is, (Y,ῑ * α) ∈ graph(π ♯ P /G ).
Remark A.2. In the special case when KerΩ P = V P , then the reduced Poisson π P /G is defined by a nondegenerate 2-form Ω P /G . Indeed, we can check that π P /G is nondegenerate by noticing that, if π ♯ P /G (α) = 0, then there is a vector field Z ∈ V P = KerΩ P such that i Z Ω P = −ρ * P (α) = 0, hence α = 0; that is, π ♯ P /G is an isomorphism. Note also that Ω P /G is uniquely determined by the condition that ρ * P Ω P /G = Ω P .
(A.80)
To verify this last claim, recall that π ♯ P /G (α) = Tρ P (Z), where Z is any vector field on P such that i Z Ω P = −ρ * P (α), and that i Tρ P (Z) Ω P /G = −α. It follows that ρ * P (i Tρ P (Z) Ω P /G ) = −ρ * P α = i Z Ω P , which shows that (A.80) holds.
⋄ Suppose now that the G-action on R is hamiltonian, with momentum map J R : R → g * , and let J P = ι * J R . For µ ∈ g * , let G µ be the stabilizer of µ with respect to the coadjoint action, and consider the Marsden-Weinstein quotients (J −1 R (µ)/G µ , ω µ ), whose connected components are the symplectic leaves of π R/G , see e.g. [26] . Consider the natural embeddings
(A.81)
Corollary A.3. The symplectic leaves of π P /G are given by the connected components of J −1 P (µ)/G µ , for µ ∈ g * , with symplectic formῑ * ω µ .
Proof. The leaves of π R/G are given by the connected components of J −1 R (µ)/G µ , for µ ∈ g * , and by Lemma A.1, (ii), we have that the leaves of π P /G are the connected components of (J Suppose that F is a regular distribution on P such that T P = F ⊕ Ker Ω P . The pair (F, Ω P ) defines a bivector field π P on P , as in (2.10). If F is G-invariant, then π P is also G-invariant, and defines a bivector field on P/G via reduction. The relation between this bivector and the one in Lemma A.1(i) is as follows.
Lemma A.4. The reduction of the almost Poisson structure π P to P/G coincides with the Poisson structure π P /G given by the reduction of the presymplectic structure Ω P as in Lemma A.1(i).
Proof. We have to show that π ♯ P /G (α) = Tρ P (π ♯ P (ρ * P α)) for each 1-form α on P/G. Note that the vector field π ♯ P (ρ * P α) satisfies i π ♯ P (ρ * P α)
Ω P | F = −ρ * P α| F . So there is a 1-form Γ on P such that Γ| F ≡ 0 and i π ♯ P (ρ * P α)
Ω P = −ρ * P α + Γ. Using that Ker Ω P ⊂ V P we see that i π ♯ P (ρ * P α)
Ω P (X) = Γ(X) for all X ∈ Ker Ω P and thus Γ ≡ 0. Hence i π ♯ P (ρ * P α)
Ω P = −ρ * P α, which implies that π ♯ P /G (α) = Tρ P (π ♯ P (ρ * P α)).
